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Abstract Accurate molecular partition functions are required to determine both
thermodynamic properties for equilibrium and nonequilibrium flow field calcula-
tions, and energy level populations for radiative heat transfer in high enthalpy flows,
for instance. Thermodynamic functions of diatomic molecules are computed in this
study at high temperatures and for nonequilibrium media in the framework of multi-
temperature models. Partition functions, average energies, and specific heats of N»,
N; ,NO, 0,, CN, C,, CO, and CO™ are calculated up to 50,000K by direct summa-
tion over energy levels using recent and accurate spectroscopic data and dissociation
energy values. Estimates are made for the error introduced by neglecting the highest
considered electronic states. For nonequilibrium media, the sensitivity of the multi-
temperature thermodynamic functions to different schemes for energy partitioning is
discussed. In particular, the effects of vibration—rotation coupling are investigated.
The tabulated results are available upon request.

Keywords Diatomic molecules - High temperature - Nonequilibrium - Partition
function - Specific heat

1 Introduction

Accurate values of partition functions are required to calculate energy level populations
(asinput to radiative transfer calculations, for instance [ 1]), but they are also the starting
point to derive thermodynamic data. The present work was motivated by the planned
Martian exploration missions which require the prediction of heat fluxes, in particular
radiative fluxes, and flow field calculations to characterize the entry phase. During this
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entry phase, a shock wave is created in the front region which heats the gas to very
high temperatures. Depending on the spacecraft trajectory and on the entry point, the
shock layer can be in a nonequilibrium thermochemical state. A detailed microscopic
description of the thermal nonequilibrium is still a prohibitive task, and a common
simplification of this complex situation consists in using a two-temperature model
[2—4]. In this model, the medium is characterized by two temperatures, 7; and Ty,
through the assumption of a Boltzmann distribution for rotation and a Maxwell dis-
tribution for translation both at 77, and a unique Boltzmann distribution for electronic
and vibrational energy levels at Ty,.

The main sources for high-temperature equilibrium thermodynamic properties of
the considered diatomic molecules are the JANAF tables (limited to 6,000K [5]), the
NASA tables [6] based on the data of Gurvich et al. [7,8] which reach 20,000K,
and more recently the ESA tables [9] for temperatures as high as 50,000 K. For the
nonequilibrium case, to the best of our knowledge, the only study going beyond the
approximation of the rigid rotor has been carried out by Jaffe [10] for O,, NO, and
No.

In this study, starting from selected up-to-date spectroscopic data, we computed
local thermodynamic equilibrium (LTE) internal partition functions, internal energies
and internal specific heats for N», Ng ,NO, 0,, CN, C,, CO, and CO™ molecules for
temperatures ranging from 1,000 to 50,000 K. In the framework of a two-temperature
model for thermal nonequilibrium media, the vibration—rotation separability problem
is investigated by analyzing the impact of the strategy used for the internal energy
partitioning on non-LTE internal specific heats.

In Sect. 2.1, we describe the details of the methodology which was adopted to cal-
culate LTE partition functions. The LTE results in terms of internal partition function,
internal average energy, and internal specific heat are then presented and discussed in
Sect. 2.2. The methodology is extended to non-LTE media in Sect. 3.1. Section 3.2 is
devoted to non-LTE results with a two-temperature description.

2 Internal Partition and Thermodynamic Functions at Equilibrium

2.1 Calculation Methods and Selected Data

In the framework of statistical mechanics, the internal partition function of a molecule
or an atom can be written in its most general form as

i — &
Qin(T) = Zg,cexp( ‘kBTO), M

where &;, is the energy of the i.-th quantum configuration, & is the energy of the lowest
energy level, and g;, is the degeneracy of the i.-th configuration. The summation is
over all possible energy levels available to the system.

Neglecting the hyperfine structure and averaging nuclear spin effects for homonu-
clear molecules at the elevated temperatures considered here, the diatomic internal
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partition function is given by the following expression:

Nmax Ymax imax Jmax Pmax Ep i ] En i d.p—0 -&

Qin(T) = — ZZZZZ(UJrI)e TR ©)

where o = 1 for heteronuclear molecules and o = 2 for homonuclear molecules (in
order to account for average nuclear spin statistical weight). E, y ;. p is the energy of
the quantum configuration characterized by the pentuplet (n, v, i, J, p). The number
p allows one to distinguish A-doubling components, J is the rotational quantum
number, i allows one to distinguish spin-multiplet components, v is the vibrational
quantum number, and 7 is related to the electronic level. & is the energy of the diatomic
molecule in its lowest energy configuration.

By assuming that the energy variation of E, y; j,p with i and p has no influence,
Eq. 2 reduces to a more simple expression where A-doubling and fine structure are
not resolved:

Mmax Vmax Jmax v.7—E0

Oin(T) = — Z<2—8A0)<zs+1)22(21+1)e R )

In this expression, S and A are the quantum numbers associated with the electronic
spin angular momentum, and with the projection of the electronic orbital angular
momentum, respectively. Neglecting nuclear hyperfine structure and A-doubling
causes insignificant errors for the partition function in the considered temperature
range. The multiplet structure contribution can be non-negligible for species with large
spin-orbit coupling constants at low temperatures. A contribution of a few percent is
observed for NO below 3,000K (see Sect. 2.2).

The total energy E, . of the diatomic molecule in the level characterized by the
triplet (n, v, J) is expressed as the sum of an electronic excitation energy, a vibrational
energy, and a rotational contribution depending explicitly on v:

En,v,] = Ee(n) + Evib(n, v) + Eroc(n, v, J). “4)

The electronic excitation energy E¢j(n) is referenced to the electronic ground state
(i.e., Ec(n) is equal to the difference between the minima of the potential energy
curves of the electronic level n and the electronic ground state). The vibrational
energy Eyip(n, v) of the level v in the electronic state 7 is referenced to the electronic
energy E¢(n). & is equal to the vibrational energy of the lowest level. It is given by

& = E0,0,0 = Ee1(0) + Eyib(0, 0) + Erc (0,0, 0) = Eyip(0, 0). (5)

Approximate methods, such as rigid rotor and harmonic oscillator approximations and
summation limits extending to infinity, are inadequate at high temperatures; the parti-
tion functions for diatomic molecules should be set up by direct numerical summation
over all vibration—rotation energy levels for all bound electronic states. The difficulties
associated with the direct numerical summation are related to the knowledge of energy
levels and to the definition of appropriate cutoff criteria. Previous works have proposed
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different strategies [7,8,10—12]. The chosen approach follows from that developed in
[11].

The calculation of the energy E.j(n), Eyip(n, v), Erot(n, v, J) is based on the usual
spectroscopic constants and energy expansions as follows:

Eei(n) = T, (6)

1 1\? 1\’
Eyip(n, v) = w, v+§ — WeXe v+§ + weye v+§
n? 1\’ 1\°
+wezZe (v + 5) + wea, (v + E) + web, (v + 5)
1\’ 1\® 1\’
+w,ce (v + E) + wed, (v + 5) + weee (v + 5) , (7)

Erot(n, v, J) = ByJ(J + 1) — Dy(J(J + 1))?

2
:Be(J(J+1))—ote(U+%)J(J+1)+ye(v+%) JJ+1

\? n*
+(Se(v+§) J(J+1)+ee(v+§) JU+1)

1 5
+&. (v+§) JUJ+1)

1\° 1\’
+77e(v+§) J(J+1)+9e(v+§) JU+1

1

—D.(J(J +1)> =B, (v + 5) (J(J +1)?

1 2
—ge (v+5) (J(J +1)?

N’ 1\*
—h, (v+§) JJ+ 1) =k, (v+§) (J(J + 1) ®)

The electronic level energy 7, and the spectroscopic constants w,, WeXe, . .. and By,
D,, ... are taken from the literature. They are generally determined by fitting the
previous expressions to experimental spectroscopic data or ab-initio calculations. A
careful analysis of the available data has been performed to select the most precise
data covering the maximum range in terms of v and J values. The constants w, and
B, are almost always tabulated except for a few ab-initio states for which we impose
values close to those of a neighbor state. If one of the other constants is lacking, it is
taken equal to O except D, and S, which are calculated according to [13]

D 4B} ©
e — 2
we
8wexe S0, 0w,
=D - - . 10
Pe f( We B, 24B3 (10)
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The summation must include all vibrational states up to the dissociation limit. For a
given electronic level n, we consider all values of v for which the following cutoff
criterion is satisfied:

Eyib(n, v) < Ediss(n) (1D

where Egiss(n) is the rotationless (J = 0) dissociation energy of the nth electronic
level, referenced to the minimum of its potential energy curve. As arule, the rotationless
dissociation energy is determined on the basis of the electronic level energy 7, and
the energies of the dissociation products. For a few electronic states, the extrapolation
of Eip(n, v) expressions leads to non-convergence behavior towards the dissociation
limit. In this case, vmax is determined as the last vibrational level before the derivative

(W) changes its sign. The effect was limited for the present species; otherwise

more sophisticated models could be used [7].

For a given electronic state and for each vibrational quantum number v < vpgx,
we consider all the rotational levels below the energy of the dissociation limit of the
rotating molecule. The allowed (v,J) values are defined from the condition:

Evip(n, v) + Erot(n, v, J) < Vy(rmax(J)), (12)

where V;(r) is the effective potential energy of the rotating molecule and rmax (J)
is the local maximum position of the V;(r) curve. In this way, we take into account
all bound and quasi-bound states. An example of bound, quasi-bound, and free states
regions is shown on Fig. 1 for the ground electronic state of C;. We assume that the
effective potential energy V;(r) is the sum of a Morse potential and the centrifugal
potential:
_2B=re o Te\2
Vi(r) = Eas(1 = ¢ 552 4 B, () 07 4 1), (13)
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where r, is the equilibrium distance corresponding to the minimum value of the energy
and B is a constant derived from [13]
We

= (14)
4(BeEdiss)%

The Jiim value, corresponding to the potential curve separating free states region from
bound and possible quasi-bound states regions (cf. Fig. 1), is determined from the
conditions:

OV i +1(r) -

for all r, 0,
or
aVy.
there exists one r > r, such that Ja“—m(r) > 0. (15)
r
For each J < Jjim, the outer position of the bound state region, rmax (J) is determined
by:
Vv
( J (r)) =0, (16)
or rmax (J)
3%V
(#) <0. (17
I S i)

Finally, the condition in Eq. 12 allows one to define a Jpax value for each v. In
addition, for a few states, we had to impose the condition that the function Jyax (v) be
a decreasing function with v by implementing the constraint:

Jmax(V + 1) < Jmax (V). (18)

The reliability of Jiax and vy values depends on possible uncertainties in the disso-
ciation energy and on the quality of extrapolated energies. This latter point is difficult
to quantify; a comparison with results based on different energy expansions can help
to evaluate the possible variations.

The considered electronic states, as well as the corresponding spectroscopic
constants, are presented in Appendix A. For 7'=20,000K, for instance, the energy
of the upper considered electronic state ranges between 4.5 and 6.4 in units of kg7
for the different molecules (4.5 for CO™ and 6.4 for N3). All observed states up to this
electronic limit have been considered. We have also taken into account non-observed
but theoretically predicted states. To have an idea of the inaccuracy linked to these
limitations, we have calculated the percentage contributions to Qint, Eint, and Cp int
(the derivation of these last two quantities is given in Sect. 2.2) of the last electronic
state taken into account in our calculations. These contributions are given in Table 1 for
30,000 and 50,000 K. For all the considered molecules, the contribution of the 7,,x-th
level listed in Appendix A increases with the temperature and remains lower than 5%
at 50,000K. As Ejy and Cp iy are obtained from Qjn(T') temperature derivatives,
there is no direct correlation between the contribution of one given electronic state
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Table 1 Percentage contributions to Qin¢(T), Eint(T), and Cp in¢(T) of the nmax-th electronic state at
30,000K and 50,000 K

Molecule 0, Ny N, NO CN Cy cot co

Nmax 21 16 11 16 16 20 8 9

Qint(30,000K) 0.25 0.77 0.45 0.67 0.63 0.25 0.33 3.8
Qint(50,000K) 0.73 1.1 0.67 1.15 1.16 0.80 0.39 438
Ein: (30,000 K) 0.43 0.29 0.17 0.49 0.46 0.43 0.07 0.97
E;n:(50,000K) 0.94 0.25 0.12 0.45 0.62 1.1 0.04 0.58
Cp,int(30,000K) 2.9 0.17  —0.021 0.78 1.5 35 —0.19 —1.7
Cp,int(50,000K) 474  —022 —036 —0.3 2.0 6.4 —033 =321

to the partition function and its contribution to Ejy and C), jn¢ When the temperature
increases. Indeed, as can be seen for instance for the CO molecule, the inclusion of
the last electronic state increases the internal partition function by 3.8% at 30,000 K
and 4.8% at 50,000K, whereas its relative contribution to Ej, decreases with 7.
Table 1 shows that neglecting possible additional high-lying electronic states would
probably not modify in a critical way the values of Qjn¢, Ein, and Cp jn even at high
temperatures.

2.2 Results at Equilibrium

Having determined the internal partition functions Qjin, we can calculate internal ther-
modynamic functions, such as the internal contribution Ejy; to the average energy or
the internal specific heat C) jn. For 1 mol of an ideal gas at the equilibrium tempera-
ture T, the average internal energy and internal specific heat are calculated from the
first and second derivatives of Qjn as follows:

Ein(T) = RT? (%) , (19)
JEin (T
Cp,int(T) = %7 (20)

where R is the universal gas constant.
The average energy and specific heat values have been calculated by a numerical
differentiation of the partition function according to

Cpin(T) = Ein(T +9T) — Ein(T —8T) 22)

28T

The numerical values were found to be insensitive to T for values lower than 20K.
The average energy Ein(1') and specific heat C ) jnt (1) were computed with 67 =10K.
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Fig. 2 Percentage difference between present partition functions and results from [9] (left) and from [6]
(right)
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Fig.3 Percentage difference between present internal average energies and results from [9] (leff) and from
[6] (right)

In the following, comparisons with ESA tables [9] and NASA data [6] are done in
terms of relative differences between our results and the other data:

_ ESA,NASA
100 (X n-x (T)) , (23)

X(T)

where X designates Qin, Eint, 0 Cp int. Comparisons with ESA and NASA data are
shown on Figs. 2, 3, and 4 for Qint, Eint, and Cp int, respectively.

The spectroscopic data used for the ESA tables come from Huber and Herzberg
[14]. In comparison, Our selected data are more detailed for many electronic states and
more exhaustive for very high temperatures. On the other hand, Gurvich et al. [7,8]
have provided a remarkable study on thermodynamic data. They have collected the
widest set of spectroscopic data, developed sophisticated extrapolation methods for
low-lying electronic states, and deeply analyzed the possible errors. Due to the lack
of spectroscopic data for many high-lying electronic states, they made an important
approximation to compute the contribution of high energy electronic states; indeed,
they assumed the same rotation—vibration structure for these states as for the ground
state or for the last well known electronic state. In our calculations, we benefit from
recent studies that allowed us to eliminate this approximation.
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Fig. 4 Percentage difference between present internal specific heats and results from [9] (left) and from
[6] (right)

For the most studied molecules, namely O, N», and CO, our calculated partition
functions are in excellent agreement with both the NASA and ESA values up to
20,000K. The differences are limited to about 5%. The agreement is also satisfac-
tory for the CN molecule. The differences are generally much higher for less studied
molecules. For N;‘ at high temperature, our partition function, involving 16 electronic
states, is higher than the ESA values, which are based on only six electronic states,
but smaller than the NASA partition function. The latter contains some additional
electronic states which have been theoretically predicted but not observed. Moreover,
the rotation—vibration structure is described precisely for only the four lowest states
in [7,8]. For NO, there is good agreement between our calculations and ESA results.
The differences with the NASA results are quite large at both low and high tempe-
ratures. Below 3,000K, these differences are due to spin splitting effects which are
not taken into account in our calculations. However, at high temperature, we consider
the same number of electronic states as in [7,8] and the difference is probably due
to the approximate treatment of vibration and rotation for high-lying electronic states
in Gurvich’s predictions. The C, molecule is probably the most controversial among
the molecules considered here. Comparisons with the NASA data show a discrepancy
of 10% at low temperatures. We found no satisfactory explanation for this behavior,
although successful comparisons with the JANAF [5] tables up to 6,000 K (not shown
here) suggest that the NASA values should be reinvestigated at low temperatures. The
differences at high temperature are due to many intermediate electronic states which
are not well known. Finally, our predictions for CO™ at high temperature are signifi-
cantly higher than both ESA and NASA values. This is the result of the inclusion in our
calculations of several intermediate states that have been recently investigated [15].

The relative differences between internal energies, shown on Fig. 3, are in the range
+10% up to 20,000K, except for CO™ and C, when comparisons are made with [6],
and except for CO™ and N;‘ when they are made with [9]. As the internal specific heats
are computed from the derivative of the internal energy with respect to the temperature,
higher differences are generally observed for this last quantity (see Fig. 4).

The comparisons made above show that important discrepancies may appear among
different sources of thermodynamic data for diatomic molecules at high tempera-
ture, depending on the cutoff and extrapolation criteria adopted for the electronic,
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vibrational, and rotational levels. A better knowledge of fundamental spectroscopic
data, particularly for high-lying electronic states, will reduce the uncertainties.

3 Non-LTE Partition and Thermodynamic Functions

For practical computation of nonequilibrium entry flows, a commonly used model [2—
4] assumes that the flow can be described by two temperatures, 7; and 7, by assuming
a Boltzmann distribution for rotation and a Maxwell distribution for translation, both
at T;, and a unique Boltzmann distribution for electronic and vibrational energy levels
at 7y. It is not the purpose of the present work to discuss the validity of this model, but
the objective is to develop and discuss some models for partition and thermodynamic
functions that are consistent with this two-temperature description.

3.1 Two-Temperature Formulation
The internal energy, given by Eq. 4, can be written as
En,v,J = Ee1(n) + Eyip(n, v) + Erot(na J) + Einter(n, v, J), (24)

where, for a given n, Ej,(n, v) is the part of the energy depending exclusively on v,
Erot(n, J) is the part of Eyoi(n, v, J) depending exclusively on J, and Eiper(n2, v, J)
is the vibration—rotation coupling term. The contribution of this last term is small
at low temperature but cannot be neglected at high temperatures. Practically, two
limiting cases are defined where Ejner (7, v, J) is assigned fully either to the vibrational
contribution or to the rotational contribution. In these two limiting cases, the two-
temperature partition function is expressed as [10]

Mmax ()
Oin(Tv ) = — 3" (2= 52028 + De TR
n=0
T e Bty _he Erot 0 )+ Eipier (1.0.0)
X2 e 2@ e R (25)
J=0
or
tmax o Ealm
Oin(Te. T) = — > 2 = 2 0)2S + e " ToTe
o
n=0
T —he Eratn) Ymax e Bvib 1)+ Eiper (1,0, )=&q
x D@7+ ne RS e WA 26)
J=0 v=0

respectively. The two-temperature internal energy Einc(7y, Tr) is written as:

dIn Qin(Ty, T,
Eim(Tv,Tr)zR[Tv2 n Qin(Ty, Tr)

+ T2 01n Qi (Ty, Tr):| . @7

T, r oT;
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One can note that when 7; = Ty, the previous expression reduces to Eq. 19. Vibrational
and rotational contributions to the specific heat are defined from Ejn(7y, T;) partial
derivatives by:

aEint (Tv 5 Tr)

cy (T, Ty) = , 28
p (Iy, T}) oT, (28)
0En (Ty, T
Cfé’[(Tv, T.) = M (29)
a7

Furthermore, at equilibrium, the internal specific heat is equal to the sum of the vibra-
tional and rotational contributions:

Cpim(T) =CP(Ty =T, T, =T) + C¥"(Ty =T, T, = T). (30)

3.2 Nonequilibrium Results and Discussion

The sensitivity of the thermodynamic functions to the choice of the energy partitioning
scheme has been investigated and is presented here for the two main diatomic species,
CO and Oy, encountered in CO; plasmas. Contour plots of the two-temperature parti-
tion functions are shown in Fig. 5 versus rotational 7; and vibrational 7y temperatures
for the two energy partitioning schemes defined, respectively, by Eq. 25 (Ejnter asso-
ciated with 7;) and Eq. 26 (Ejner associated with 7). These two partitioning schemes
are referenced hereafter, respectively, as models (i) and (ii). Since the interaction term
Einter 1s generally negative, it can be observed that the partition function calculated
according to scheme (i) is greater (respectively lower) than the one obtained with
scheme (ii) for 7; greater (respectively lower) than 7y. The sign of Ejner also explains
the behavior observed on contour plots of the dimensionless internal energy, defined by

= Eint(Tv» Tr)
Eint = —/——,
VT Ty

and shown in Fig. 6. Deviations observed between the two models for both partition
functions and internal energies obviously increase with the departure from equilibrium
(i.e., with |Ty, — T;|) but do not exceed 8% for |T, — T;| < 8,000 K. However, the
deviations for internal energies do not increase symmetrically versus 7, and 7; with
departure from equilibrium: they even remain very small (lower than 5%) for strong
thermal nonequilibrium corresponding to high 7y, and low 7} values, while for strong
nonequilibrium corresponding to low vibrational temperatures (<10,000 K) and high
rotational ones, they may reach 15% for 7; about 30,000 K. This asymmetrical beha-
vior may be explained by the higher electronic and vibrational energy contributions
compared to the rotational ones.

Figures 7 and 8 show comparisons between vibrational and rotational specific heats,
respectively, calculated according to the two partitioning schemes. Large discrepan-
cies of about 30—40% may be observed between the results of the two partitioning
models at high temperature, particularly in the case of the rotational specific heat. The
discrepancies observed for the vibrational specific heat are smaller (<5%) insofar as
the interaction energies remain smaller than the mean vibrational energies; the major

€1V
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Fig.5 Contour plot of the two-temperature partition function of CO (left) and O, (right) molecules versus
vibrational (7y) and rotational (7;) temperatures as evaluated according to the two energy partitioning
schemes defined respectively by Eq. 25 (dotted lines) and by Eq. 26 (solid lines)
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Fig. 6 Contour plots of two-temperature dimensionless internal energy Eim (see Eq. 31) of CO (left) and
O3 (right) molecules versus vibrational (7y) and rotational (7;) temperatures as evaluated according to the
two energy partitioning schemes (same conventions as in Fig. 5)
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Fig. 7 Contour plots of the dimensionless specific heat vibrational contribution C}’,ib /R of CO (left) and
O3 (right) as evaluated according to the two energy partitioning schemes (same conventions as in Fig. 5)

discrepancies occur in this case at low vibrational and high rotational temperatures.
Figure 8 shows that, in the case of the O, molecule, the rotational specific heat may
become negative at large 7, and low T; values. This behavior was already pointed
out by Jaffe [10]. We have checked that this result is due to the vibrational energy
contribution to the rotational specific heat:

@ Springer



428 Int J Thermophys (2009) 30:416-438

oo N A

o
40000 7 @ 4 ) ,\ 40000
30000 : « 30000
. < R 0.1 Py
= \ =
20000 . 20000
. P
—.
10000 10000 —
| —
06— e a
10000 20000 30000 40000 50000 10000 20000 30000 40000 50000
Tv, K Tv, K

Fig. 8 Contour plots of the dimensionless specific heat rotational contribution Cf,"t /R of CO (left) and Oy
(right) as evaluated according to the two energy partitioning schemes (same conventions as in Fig. 5)

0 dln Qin(Ty, T,
Chyin = oT (RTVZ%) (32)
T \4

which is negative for both O, and CO molecules. This behavior is probably explained
by observing that as T;, increases, the contribution of higher rotational levels to the
partition function increases. These higher rotational levels are associated with lower
vibrational levels because of dissociation; this leads to a decrease of the average
vibrational energy.

The thermodynamic data, computed from 1,000 to 50,000 K using the two partitio-
ning schemes, are available upon request to the corresponding author.

4 Concluding Remarks

In this work, we have implemented up-to-date sets of spectroscopic data to generate
partition functions and some thermodynamic functions of diatomic molecules at high
temperatures or in thermal nonequilibrium. Calculations for N, O,, CO, NO, CO,
CN, C,, N;, and CO™ have been carried out using direct summations over energy
levels up to dissociation limit. For high temperature equilibrium, comparisons with
available data have shown important sensitivity to the treatment of high-lying energy
levels and to cutoff criteria. Reasonable agreement was however found for the most
common molecules (N, Oz, CO). For nonequilibrium applications, we have gene-
rated partition functions, average energies and specific heats in the framework of a
two-temperature description of the thermodynamic state. At high temperatures, an
important effect of the vibration—rotation interaction energy is observed, especially
on specific heats. Depending on its association with the vibrational/electronic or with
the rotational/translational temperature, differences of computed rotational specific
heats up to 40% have been observed for high rotational and low vibrational tempera-
tures. The differences for average energies are limited to about 5%. These differences
show clearly the inadequacy of approximate models such as harmonic oscillator and
rigid rotor models, and outline the necessity of using consistent models for flow field
calculations.
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